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Summary
This contribution discusses the course of deformation analysis of the eastern edge of the High Tatras - for this purpose, a static method with 
three hours of observations using each point designed appropriately chosen points of the State spatial network in the locality. It was used a 
three-dimensional Helmert transformation using two methods - the ordinary least squares and total least squares method - to transform 
of coordinates between the different epochs of deformation of the investigation. Due to the better visualization of the displacements, co-
ordinates of the points of both epochs of deformation investigation are transformed from the European Terrestrial Reference System 1989 
(ETRS89) to the Uniform Trigonometric Cadastral Network (JTSK 03). The final section of that article is devoted to the analysis of strain 
and consequently draw up the illustrated maps with horizontal and vertical displacements.

Keywords: deformation analysis, three-dimensional Helmert transformation, Least Squares, Total Least Square

Introduction
The detailed geological research of the Tatras be-

gan at the beginning of the 19th century. The need to 
explore the Tatras closely related with the effort of 
geological staff to solve problems in the Western Car-
pathians. Researching of study area and its stability 
would not be possible without cooperation between 
geologists and surveyors. One of the most important 
tools in examining the stability of the territory are cur-
rently surveying measurings. Contents of the present 
paper is to determine the 3D displacement selected 
points in the eastern edge of the Tatras and strain anal-
ysis of their designated area in conjunction with the 
solution of the tasks of the Institute of Geosciences 
of the Technical University of  Košice. For the pur-
pose of deformation analysis of the eastern edge Ta-
tras were selected and consequently focused 10 points 
of the State Spatial Network. Displacements at vari-
ous points were determined by transformation using 
the method of least squares, which represents fitting 
points of chosen epoch to starting epoch, with mini-
mizing the sum of squares repairs only one of them. 
Using method of least squares, can be encountered 
with the fact that the coordinates of all the studied 
points can be affected by errors. For this reason, the 

processing of geodetic measurements used the total 
method of least squares - Total Least Squares (TLS), 
developed by Golub and Van Loan, through which it 
is possible to track errors in all coordinates.

Implementation of terrain measurements. Select-
ing the processing area. Primary processing of mea-
surements

Within the State points spatial network were sta-
bilized  and for the purpose of deformation analysis of 
the study area (in the eastern part of the High Tatras) 
were selected 10 points.The individual points were 
chosen so that it was best captured the character of 
area and to be able to express this changing in area, 
in the time interval between two epochs, ie possible 
to analyze the deformation phenomenon and its prog-
ress. These are the points SK – 2063.01 and 4919 – 9  
in village Starý Smokovec, point 4915 – 4 in village 
Veľká Lomnica, point 2731PP – 1002 in Tatranská Ja-
vorina, point ZGZH – 578 between villages Tatranská 
Javorina and Podspády, point 2732SL – 1006 in vil-
lage Lendak, point ZGZH – 541 in Tatranska Lomni-
ca, point ZGZH – 564 in Ždiar, point 2732SL – 1002 
in Spišské Hanušovce and point NZH – 520 in Pod-
horany (see Fig. 1). 

Position of the points determined in the first ep-
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Fig. 1 Choosing of appropriate points of the State spatial network in the High Tatras [15]

Rys. 1 Wybrane punkty państwowej sieci przestrzennej w Wysokich Tatrach [15]

Fig. 2 The points SK – 2063.01and 4919-9

Rys. 2 Punkty SK - 2063.01 i 4919-9

och was regained from survey control point that at the 
request of the Institute of Geodesy, Cartography and 
Cadastre SR issued  by geodetic bases - Institute of 
Geodesy and Cartography in Bratislava.

The second epoch, alone field measurements, was 
realized in the period of October - November 2010 
with the static method with three - hour observation 
at each point. In measuring was used dual frequency 
GPS receiver Leica 1200.  From selected points of 
the State Spatial Network  was not impracticable mea-
surement of point 4919-9, for which it is established 
an active GPS stations operated by the Department of 

Theoretical Geodesy Faculty of Civil Engineering in 
Bratislava . The necessary data  for processing were 
requested from the above operator.

For the purpose of deformation analysis of the 
High Tatras was in the processed results of geodetic 
measurements selected European Terrestrial Refer-
ence System 1989 – ETRS8Resolution No. 1 Tech-
nical - Steering Group of the European Reference 
Frame adopted on the meeting held in 1990 in Flor-
ence ETRS89 defined as a system which is identified 
with the International Terrestrial Reference System 
(ITRS) at epoch 1989.0, and which is fixed to the 
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Tab. 1 Coordinates of chosen points in the first and second epoch of measuring

 Tab. 1 Współrzędne wybranych punktów w pierwszym i drugim etapie pomiaru

Fig. 3 3D Helmert transformation of coordinates

Rys. 3 Transformacja 3D we współrzędnych Helmerta

stable part of the Eurasian Tectonic Plate. ETRS89 
coordinates can be expressed either as a orthogonal 
Cartesian coordinates X, Y, Z or ellipsoidal (geodetic) 
coordinates B, L, H, where „B“ is ellipsoidal (geo-
detic) width, „L“, is ellipsoidal (geodetic) longitude 
and „H“ is ellipsoidal (geodetic) height. These are 
based on the ellipsoid of the Geodetic Reference Sys-
tem 1980 with the Greenwich Prime Meridian Posi-
tion of points representing 1st epoch of deformation 
investigation is taken from geodetic data point in the 
form of  ellipsoidal (geodetic) coordinates of B, L, H 
system ETRS89 [8],[11]. These relations have been 
using under rotational ellipsoid geometry and known 
geometric constants of the ellipsoid GRS 80 trans-
formed to cartesian coordinates. The data measured 
by static method with three-hour the observation at 

each point were processed by means postprocessing 
software LEICA Geo Office. The result of processing 
are the cartesian coordinates X, Y and Z measuring 
points in a coordinate system ETRS89 (see Tab. 1).

By the transformation of  coordinates points from 
2nd epoch focus to points of 1st epoch was used spa-
tial  Helmert transformation. Required transformation 
parameters were calculated using the classical (least 
square method - LSM) and total least square method.

Three-dimensional Helmert transformation of co-
ordinates using an alternative approach to LSM 

Helmert transformation (see Figure 3.), has the 
general form [1], [9]

(1)
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where (1+m) is scale Rx, Ry, Rz are rotational and Tx, 
Ty, a Tz, translational parameters are co-
ordinates of i-th point in the original coordinate system 

 are transformed coordinates of the 
same point and  are the coordinates 
of the center of gravity of the area of interest in the 
original coordinate system.
 Under identical points needed to calculate the 
transformation parameters have been chosen all the 
points of the State Spatial Network, which touches 
the deformation analysis Three-dimensional Helmert 
transformation of coordinates is in the presented pa-
per addressed through a total least squares method.

a) Helmert transformation of coordinates using the 
classical least squares method
Let us have a system of linear equations, which has 
the following form [1]:

 (2)

where L is a vector of observations, A full matrix of 
design (partial derivatives) and Ɵ vector of estimated 
parameters.
Least squares method searching for the best compila-
tion of vector Ɵ providing, that the vector of observa-
tions L is loaded with random errors, while the matrix 
of design A is not random errors of subject. Model of 
Least squares method then takes the form of:

 (3)

where EL is matrix of erros vector of observations L.
Simple mathematical adjustments and adding weights   
Q to each observation we get the formula to determine 
of estimated parameters:

 (4)

In the case of Helmert transformation is the vector of 
estimated parameters Ɵ vector of transformation pa-
rameters:

 (5)

Matrix of design A consists of two submatrix A1 a A2 
[1]:

 (6)

p represents the number of identical points selected 
for the coordinates transformation.

Vector of observations L is expressed as:

(7)

b) Helmert transformation of coordinates using the 
total least squares method
Total least squares method (TLSM) is an alternative 
to the classic least squares method, when the observa-
tions, and members of the matrix of design   are bur-
dened with random errors. The mathematical model 
of this method is expressed as follows [1]:

 (8)

where EL is vector of errors of observations and EA is 
errors matrix of matrix of design.

General solution consists of the following [1]:

a) QR factorization (decomposition of the matrix on 
multiply of orthogonal and upper triangular matrix) 
expanded matrix D.[A1. A2 L] is calculated as:

 (9)

where D is diagonal weighting matrix observations 
dimension (n x n);

b) With a second row from the relation (9), solution   
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2k̂d  for the reduced system 

  
is obtained using singulare value decomposition for    

and  2k̂d  is estimated as 

(10)

where C is diagonal weighting matrix, which shows 
the relative precision observables with respect to 
members of the matrix of design in columns of sub-
matrix A2, which constitutes part of the matrix A load-
ed with errors, C1...m2 = diag(c1,c2,...cm2) are diagonal 
elements of the matrix C in the first m2 row (or in 
column), cm2+1  is lowest stored diagonal matrix ele-
ment C, which is the weight of vector observations 
with respect to columns submatrix A2.

c) Parameters 2k̂d  are determined using the the first 
row of the formula (9) using the backward substitu-
tion parameters  estimated in the second step as:

 (11)

By Helmert transformation in the shape and size of 
the vector and observations L and matrix of design 
does not change, unknown transformation parameters 
are determined in the form:

,  (12)

Weighting matrix D and C are defined as follows:

(13)

(14)

where tr() je „trace“ - trace of matrix, members of ma-
trix D are weights of individual observations (coordi-

nate of system xyz), ∑XYZ, ∑YZ, ∑XZ, ∑XY are submatrix 
weights of identical points in the transformed coordi-
nate system (system XYZ). 
 Transformation parameters of three-dimensional 
Helmert transformation determined by the trans-
formation least squares method (LS) and total least 
squares method (TLS) are listed in Table 2, Table 3 
contains the transformed coordinates of 2nd epoch 
measurements.

Identification congruent test 
 In order to be confirmed with a certain probability, 
that changes in the point position in the direction of 
the coordinate axes presented the coordinate differ-
ences points between 1st and already transformed 2nd 
epoch is a real move the points and not just the ac-
cumulation of errors, these values were statistically 
tested.
In order to evaluate the stability of individual points 
was performed identification test of kongruentnosti, 
in which by comparing the relevant of the test statistic 
with the critical value we can find out, whether move-
ment of a particular point is, or not is statistically sig-
nificant.

Let the deformation vector   for i-th point of deforma-
tion network has the form [1], [6],[14],[13]

 (15)

The selected level of significance: α=0,05  (16)
The null hypothesis:  H0 : di = 0  (17)
Alternative hypothesis: HA : di ≠ 0  (18)

The test of statistic:   (19)
Critical value:   (20)

 If Ti < Tkrit  -  accepts the null hypothesis H0  (17), 
movement of the point is not statistically significant, 
point has a stable character, if Ti < Tkrit - null hypoth-
esis H0 (17) is rejected, accepts the alternative hypoth-
esis HA (18), movement of the point is statistically 
significant. Local congruent test was performed twice 
(the transformed coordinates of 2nd epochs determined 
by methods LS and TLS). Numeric representation of 
the critical values of the of the test statistic of each 
point indicates Table 4.
 From the results of the congruent test (see Tab. 
4) It is evident that all the points, the processing of 
which was used LS metóda have remained stable, 
unchanged, in determining points TLS method, test 
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Tab. 2 The transformation parameters determined by the LS and the TLS

 Tab. 2 Parametry transformacji określonych przez LS i TLS

Tab. 3 Transformed coordinates of the second epoch determined by the LS and the TLS

Rys. 5. Krzywe płynięcia wg modelu Binghama, zawiesin sporządzonych z popiołu K-1 bez dodatku cementu

Tab. 4 Identification congruent test

Rys. 5. Krzywe płynięcia wg modelu Binghama, zawiesin sporządzonych z popiołu K-1 bez dodatku cementu

Tab. 5 UTCN  coordinates of the first epoch of measuring

 Tab. 5 UTCN współrzędne pierwszego etapu pomiaru
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indicates a change point position ZGZH – 564 and 
2731PP – 1002. Movement of points 2732SL – 1002 
and ZGZH – 578 is questionable – value of the sta-
tistic test are coming to an critical value. It is noted 
that the difference in results between the estimates of 
displacement LS and TLS method comes the maxi-
mum extent from the adding weights in TLS method, 
whereby it has become more sensitive. In the case 
where the two sets of coordinates were weighed an 
identity matrix, the results were closer to each other. 
For better visualization of displacement were before 
you start the strain analysis coordinates of the points 
1 st and 2 nd epoch transformed with LEICA Geo Of-
fice software from the system ETRS89 into the system 
S-JTSK [9], [10] in the valid implementation JTSK03 
(see Table 5, Table 6).
 Figure 4 and Figure 5 show the average annual 
and total displacements of points, whose the second 
epoch coordinates were determined using LS and TLS 
methods. Time span of each measurement points is 10 
(4919-9), 9 (4915-4) and 8 (SK-2063.01, ZGZH-564, 
2731PP-1002, 2732SL-1006, 2732SL-1002, NZH-
520, ZGZH-578 a ZGZH-541) years. Diversity of 
The offset is caused by the addition of weights in TLS 
method, thereby it is more sensitive. Compared with 
the displayed coordinate system the displacements are 
drawn as 100 000 times magnified.

Strain deformation analysis of points
 Each solid can influence action of endogenous 
and exogenous forces undergo changes in its shape 
and position, made deformation. These changes can 
occur either by sequentially or simultaneously. 
 Deformation of the solid is determined by the the 
transfer of particles (points) of the solid. Let us vector 
of particles (point) p in three-dimensional cartesian 
coordinate system xyz before deformation - rp and af-
ter deformation -  r’p . Vector r’p can be expressed as 

follows [3],[2],[15]:

  (21)

As the end position of point depends on the input of 
coordinates and time, vector of position changes dp 
particle p write as:

  (22)

Formula (22) can be decomposed into three parts: 
translation and rotation of the solid as a whole and 
its own deformation, so that the vector r’p  can be de-
scribed as:

  (23)

where tT = (tx, ty, tz)  is the vector of solid translation,   
R rotation matrix and  presents own deformation. 
For describing deformation in the surrounding area 
of point is used strain analysis. If the displacements 
are very small in comparison to the dimensions of the 
solid, then results in nonnumeric translational defor-
mation tensor ɛ have the form [3]

  (24)

where dx, dy and dz are three components of vector 
displacement in the direction of x, y and z. Deforma-
tion tensor ɛ is asymmetrical and for this reason can 
be decomposed into symmetric and non-symmetric 

Tab. 6 UTCN  coordinates of the second epoch of measuring determined by the LS and the TLS

 Tab. 6 UTCN współrzędne drugiego typu pomiaru określone przez LS i TLS
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Fig. 4 Average annual and total 3D displacements  of points - LS method

Rys. 4 Średnie roczne i całkowite przemieszczenia 3D punktów - Metoda LS

Fig. 5 Average annual and total 3D displacements  of points - TLS method

Rys. 5 Średnie roczne i całkowite przemieszczenia 3D punktów - metoda TLS
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part of the according formula:

( ) ( ) ijij
TT e ωεεεεε +=−++= .

2
1.

2
1

 (25)

where
   

for i, j = x, y, z              (26)

where ije  is called the strain tensor and  ijω  represents 
the rotation diagonal elements  ije  marked dilatation for 
a particular direction, called extensible strain and off-
diagonal elements characterized by displacement angle 

between the input lines, called also shear strain. 
 Figure 6 represents the geometric interpretation of 
the strain components, where the original solid (cube 
with sides of the same length) is drawn by dashed line 
and deformed form by soft line. As displacements vec-
tor d depends on the location and time, and also the el-
ements of strain tensor and rotation are generally de-
pendent on the position and time. If partial derivative  
is with  the respect to time, we can get the intensity 
of strain ije  components and intensity of the rotational 
component ijω  . On the other side, the rotary compo-
nent ijω  can be divided into two parts: not dependent 
on the position  and and dependent on the position 

ijω′  . As different parts of the deformed solid were

Fig. 7 Regional parts deciding of the location of the High Tatras for requisities strain analysis

Rys. 7 Elementy regionu decydujące o lokalizacji w Tatrach Wysokich wymaganych szczepów do analizy

Fig. 6 Geometric interpretation strain elements

Rys. 6 Interpretacja geometrycznych elementów odkształceń
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Tab. 7 Creating regional part of the location for the purposes of strain analysis

Tab. 7 Tworzenie części regionalnej lokalizacji dla celów analizy naprężeń

Tab. 8 Deformation parameters of strain analysis – LS and TLS

Tab . 8 Deformacja parametrów analizy naprężeń - LS i TLS

exposed to the same deformationindependent of their 
position, deformation is homogeneous.

Strain analysis of points the eastern edge of the 
High Tatras in the plane XY
 Deformation strain analysis can be used not only 
for analysis of 2D (or 3D) [12] movement changes the 
whole monitored area but also its parts separately, and 
it, that, the results of these analyzes are more credible. 
The observed location of the High Tatras by creating 
appropriate triples of points ( see Table 7) divided 
into 11 smaller parts of the territory triangular shape 
[4],[5],[7] (see Figure 7).
 Positional transfer i-th point for the monitored pe-
riod, can be express with the formula [2],[3],[5],[8]
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where [ ]TiYX  are coordinates of point in 2nd epoch 
of research and ϴ represents the vector of deforma-
tion parameters expressed in the form:

  [ ] .T
yxxyyyxyxx TTeee ωθ =  (28)

Vector id  characterizing the point displacement and 
its surroundings in the direction of the coordinate axes 
is defined as:

  ,.θii Hd =  (29)

where iH  is coefficients matrix containing the coor-
dinates of 2nd epoch:

 
.

100
010








−

=
XYX

YYX
H i

 
(30)

By extending the matrix  H and vector d three points 
can express also the deformation parameters relate 
on the territory of the triangular shape. Simple math-
ematical modifications of formula (27) using the least 
squares method and the addition of weights  each co-
ordinate difference get the formula to determine the 
deformation parameters:

  (31)
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Fig. 8 Relative planary deformations shown by circular lines – LS and TLS 

Rys. 8 Względne odkształcenia plenarne przedstawione przez okrągłych liniach - LS i TLS

Fig. 9 Relative shear deformations shown by isolines – LS and TLS

Rys. 9 Względne odkształcenia ścinające na obrazie izolinii - LS i TLS
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Tab. 9 The values of relative planary and shear deformation and horizontal displacements

Tab . 9 Wartości względne odkształceń planarnych i ścinania oraz przemieszczeń poziomych

Expansion or squeezing of territorial unit between 
two epochs reflecting the relative surface deformation 
area or dilation ∆ in units μstrain:

  (32)

which we can view as a circle with a radius ∆.
Another form of strain analysis interpretation is rela-
tive shear deformation γ:

   (33)

expressing the relative changes of actual angles chang-
es for the period. Graphically it can be expressed by 
using isolines with values in μstrain.
 Layout of horizontal displacements ∆h view iso-
lines, which are determined according:

  (34)

 Relative changes of monitored area are illustrated 
by circles (see Figure 8.). Circle displayed in orange 
and blue color represent the squeezing area, red color 
represent circle turn the expansion area.
 Isolines of relative shear deformation  (see Figure 
9.) are illustrated with an interval of 1 mm, whichev-
er, that, 1 mm = 1 μstrain.  The value related to center 
of gravity of the area are shown in Table 9.

Conclusion
 Contents of the present paper was to identify and 

analyze 3D of displacement selected points of ŠPS 
eastern edge of the High Tatras the time interval be-
tween two epochs of studies. Position of the points 
determined in the first epoch was taken from over the 
data of geodetic point, the second epoch focused dual 
frequency Leica GPS 1200 from October - November 
2010 three-hour static method with the observation at 
each point. The measured data were processed by us-
ing postprocessing software LEICA Geo Office.
 For the coordinates transformation from the of 
points 2nd epoch of studies into the points 1 st ep-
och was used spatial Helmert transformation. The 
required transformation parameters were calculated 
by using the classical least squares method (LS)  and 
total  (TLS) least squares method. The difference of 
the results were a greater extent caused the gradual of 
weights addition. While the LS considered only with 
the vector observables loaded with random errors, 
which tend to minimize and is expected, that mem-
bers of the matrix design  are not loaded with errors, 
TLS method consider for incorrect also  matrix of 
design, thus in comparison with the previous method 
becomes more sensitive.
 For a comprehensive assessment of the stability 
or instability of the observed location has been chosen 
strain analysis as  a group of deformation analysis.
 Strain analysis was performed twice - for set of 
points, to the processing  was applied classical and 
total least squares method. Obtained horizontal dis-
placements, relative  planary and relative shear de-
formations of area and maximal and minimal tensile 
deformations are presented as circles, and isolines on 
the underlying orthophotomaps.
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Streszczenie
W artykule przedstawiono wyniki badań nad możliwością wykorzystania popiołów lotnych w technologiach zawiesinowych stosowanych 
w górnictwie podziemnym. Zawiesiny sporządzono z dwóch popiołów pochodzących z różnych instalacji, spalających komunalne osady 
ściekowe w kotłach fluidalnych. Właściwości zawiesin jak i kierunek ich zastosowania określono zgodnie z Polską Normą PN-G-11011 
1998. Sporządzone zawiesiny nie spełniały wymagań dotyczących zastosowania w podsadzce zestalanej, natomiast w zależności od ich 
składu mogą być stosowane do izolacji i doszczelniania zrobów zawałowych.
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